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The atom-field interaction is one of the most fundamental problems of quantum optics ͓1-4͔. Various optical phenomena arising from the atom-field interaction have successfully been described in the past by a semiclassical approach which treats the atom quantum mechanically but the field classically. There, however, exist still many phenomena, an accurate description of which requires a full quantum-mechanical approach treating both the atom and the field quantum mechanically. One such example can be found in the JaynesCummings model ͓5͔ describing the simplest possible atomfield interaction-the interaction between a two-level atom and a quantized monochromatic radiation field. The Rabi oscillation of the atomic population is correctly predicted to occur by the semiclassical approach as well as by the quantum mechanical approach. One important feature of the Rabi oscillation known as the collapse and revival ͓6-11͔, however, cannot be described without employing the full quantum mechanical theory.
The influence of dissipation ͑spontaneous decay, cavity damping͒ on the collapse and revival of the Rabi oscillation has been studied in the past ͓12,13͔. When one considers a transition in the microwave region where the first observation of the collapse and revival was made ͓7͔, spontaneous decay can certainly be neglected. The past investigations on the influence of the cavity damping on the collapse and revival have shown that the collapse is not affected much by the cavity damping, but the revivals, especially at large times, suffer attenuation in the oscillation amplitude ͓12,13͔. In the optical domain, spontaneous emission may be expected to play a much stronger role. It has been shown, however, that revivals in the optical region are still much more sensitive to cavity decay than to spontaneous emission ͓14͔.
In this paper we report on our study of the influence of spontaneous emission on the collapse and revival of the Rabi oscillation. The reason for our study of spontaneous emission, despite its relative unimportance compared with cavity decay, is that there exists a subtle quantum effect when the collapse and revival phenomenon is combined with spontaneous decay. The quantum effect has to do with the damping rate of the amplitude of the Rabi oscillation. As is well known, the amplitude of the Rabi oscillation decreases progressively at each successive revival, even in the absence of spontaneous decay and any other dissipation, because a smaller and smaller number of dephased oscillations rephase at each successive revival time. Spontaneous decay works to further decrease the oscillation amplitude over the already existing decrease in its absence. We are in this work mainly concerned with the damping rate of the oscillation amplitude due to spontaneous emission. We show that the semiclassical theory tends to overestimate this damping rate. A correct quantitative description of the damped Rabi oscillation is thus obtained in general only with a full quantum mechanical treatment. The overestimation stems from the fact that the semiclassical picture of the transitions involved is oversimplified, as will be seen below.
Let us first look at the semiclassical treatment of a twolevel atom driven by a resonant, monochromatic radiation field. The driving field induces the Rabi oscillation between the excited state ͉e͘ and the ground state ͉g͘ of the atom. We also take into consideration spontaneous decay of the excited state ͉e͘ into the ground state ͉g͘ and other external states. The transitions that the atom undergoes are schematically shown in Fig. 1 . The master equation for the density operator of the atom is given in the interaction picture under the dipole and rotating wave approximations by
where ⍀ is the Rabi frequency, + and − are the atomic raising and lowering operators given, respectively, by + = ͉e͗͘g͉ and − = ͉g͗͘e͉, ⌫ represents the total spontaneous decay rate of the excited state, and the parameter b ͑0 Յ b Յ 1͒ is the branching ratio into the ground state, i.e., the decay rate into the ground state is b⌫ and that into all other external states is ͑1−b͒⌫. Thus, the case b = 1 corresponds to a closed two-level system in which the atomic population is conserved ͑ gg + ee =1͒, whereas, for the case 0 Յ b Ͻ 1, the atomic population eventually goes to zero. The parameter b may be considered to measure the degree of "closedness" of the atom.
From Eq. ͑1͒ we immediately obtain the optical Bloch equations for the density matrix elements gg = ͗g ͉ ͉ g͘, ee = ͗e ͉ ͉ e͘, and ge = ͗g ͉ ͉ e͘,
Equations ͑2͒ yield a third-order differential equation for ee which can be solved analytically to give
where
, ͑4a͒
In obtaining Eq. ͑3͒, we have assumed that the atom is initially in its ground state; gg ͑0͒ = 1 and ee ͑0͒ = ge ͑0͒ =0. We note that, if 16͉ ⍀͉ 2 Ͻ⌫ 2 , A and consequently f 1 and f 2 can take on complex values.
From now on we limit ourselves to the strong coupling regime in which ⍀ is sufficiently greater than ⌫ and, as a result, both f 1 and f 2 are real and positive. Equation ͑3͒ indicates that, in the strong coupling regime, the excited state population exhibits a damped oscillatory behavior with a frequency of ͱ 3 2 f 2 and a damping rate of ͑⌫ + f 1 ͒ / 2. As illustrated in Fig. 2 for the case ⍀ ⌫ =2, f 1 increases roughly linearly with b while f 2 does not depend much on b, which indicates that the damping rate of the population oscillation increases with b while the oscillation frequency is roughly independent of b.
As a special case we set b = 0 in Eq. ͑3͒ and obtain
4 . In the other extreme case in which b = 1, we obtain
16 . In the limit ͉⍀ ͉ ⌫, Eq. ͑6͒ becomes
The solutions, Eqs. ͑5͒ and ͑6͒, have been given previously ͓2,4͔ although, to our knowledge, the general solution, Eq. ͑3͒, has not. One sees from Eqs. ͑5͒-͑7͒ that the semiclassical treatment predicts that the damping rate of the population oscillation increases with respect to the branching ratio b from this question can be provided by examining the role played by the last term b⌫ ee of Eq. ͑2a͒. Roughly speaking, this term represents a kind of pumping of population into the ground state. This "internal pumping" into the ground state, being proportional to ee , is strongest when the excited state population is maximum, i.e., when the ground state population is minimum. The transition from the excited state to the ground state occurs because the excited state population is greater, but this "internal pumping" due to the term b⌫ ee works in the direction to spoil the very reason for the transition. As a result, the greater this term b⌫ ee is, the faster the population oscillation dies out.
We now present a full quantum-mechanical description treating the driving field as well as the atom quantum mechanically. The master equation for the density operator of the atom-field system reads
where a † and a are, respectively, the creation and annihilation operators of a photon of the driving field mode, and g is the parameter that measures the atom-field coupling ͑not to be confused with the ground state͒.
The optical Bloch equations now take the form
where gn+1,gn+1 = ͗g , n +1͉ ͉ g , n +1͘, en,en = ͗e , n ͉ ͉ e , n͘, gn+1,en = ͗g , n +1͉ ͉ e , n͘, and ͉e , n͘ represents the state of the atom-field system in which the atom is in the excited state and the field has n photons, and similarly for ͉g , n +1͘.
The transitions that are represented by Eqs. ͑9͒ are depicted in Fig. 3 . We emphasize that the transition between ͉g , n +1͘ and ͉e , n͘ is not closed even for b = 1, because spontaneous emission of a photon from ͉e , n +1͘ increases the population of the state ͉g , n +1͘, and similarly spontaneous emission of a photon into ͉g , n͘ as well as into external states decreases the population of the state ͉e , n͘. This "openness" of the quantum transitions is responsible for the quantum effect we discuss in the following.
Equations ͑9͒ cannot be solved analytically in general, because, as mentioned above, the transition between ͉g , n +1͘ and ͉e , n͘ is not completely closed. Only in the limit b = 0, Eqs. ͑9͒ are reduced to a closed set of equations relating gn+1,gn+1 , en,en , and gn+1,en , and an analytic solution can be obtained which reads
͑10͒
where n = ͱ 4 ͉ g͉
4 . In obtaining Eq. ͑10͒, we have assumed that initially the atom is in the ground state and the driving field in the coherent state ͉␣͘, i.e., gn+1,gn+1 ͑0͒ = e −͉␣͉ 2 ͉␣͉ 2͑n+1͒ ͑n+1͒! , en,en ͑0͒ = gn+1,en ͑0͒ = 0. Comparing Eq. ͑10͒ with its semiclassical counterpart, Eq. ͑5͒, we first note that Eq. ͑10͒ consists of the summation of an infinitely large number of terms arising from the fact that the Rabi frequency for the transition between ͉g , n +1͘ and ͉e , n͘ is dependent on n. As is well known, this leads to the collapse and revival of the Rabi oscillation ͓6-11͔. Our main concern in this work is however not the collapse and revival but the damping rate of the population oscillation. Equation ͑10͒ indicates that this damping rate for the caseb =0 is ⌫ 2 , in agreement with the semiclassical damping rate of Eq. ͑5͒. The question then arises: does the damping rate calculated according to the quantum theory agree with the semiclassical damping rate also for nonzero values of b?, i.e., does the quantum damping rate increase with the branching ratio b as predicted by the semiclassical theory? This is the main issue we wish to address ourselves in this work.
We show in the following that the answer to the above question is no and that the quantum damping rate of the population oscillation does not vary much with the branching ratio b. In order to see this, let us first recall that the reason for the increase of the damping rate with respect to the branching ratio in the semiclassical theory is that the "internal pumping" represented by the last term b⌫ ee of Eq. ͑2a͒ works to weaken the oscillation. Similarly, we see from Eq. ͑9a͒ that the last term b⌫ en+1,en+1 plays the role of pumping population into the state ͉g , n +1͘. The strength of this FIG. 3 . Stimulated and spontaneous transitions of the atom-field system in the quantum picture. Only the transitions that directly influence the populations of the states ͉e , n͘ and ͉g , n +1͘ are shown. ͉g͉ is the parameter that measures the atom-field coupling, and b⌫ and ͑1−b͒⌫ represent the spontaneous emission rate into the ground state and other external states, respectively.
"pumping" is determined by the population of the state ͉e , n +1͘, while the state ͉g , n +1͘ into which population is pumped undergoes the Rabi oscillation with the state ͉e , n͘ not with the state ͉e , n +1͘. Since there is no definite phase relationship between the population of the state ͉e , n +1͘ and that of the state ͉e , n͑͘or ͉g , n +1͒͘, this pumping strengthens the oscillation as much as it weakens the oscillation. After a sufficiently long time, therefore, the effect of the pumping term can largely be neglected. We thus expect that the damping rate of the population oscillation at any nonzero value of b is roughly the same as that at b = 0, i.e., it is ⌫ 2 regardless of b. This expectation based on the quantum-mechanical consideration of transitions contrasts sharply with the semiclassical prediction.
We now present numerical data to support the above expectation. The "exact" solution for ee ͑t͒, which we denote by ee exact ͑t͒, was obtained by numerically integrating the optical Bloch equations, Eqs. ͑9͒. The system parameters we chose for our computation are ͉g ͉ =10⌫, ͗n͘ = ͉␣͉ 2 = 25, and b = 1. The ratio ͉g͉ ⌫ = 10 can be achieved in an optical cavity ͓15,16͔. The value b = 1 is chosen because at this value the semiclassical damping rate takes on a maximum value of 3 4 ⌫ and differs most from the expected quantum damping rate of ⌫ 2 . In Fig. 4͑a͒ we plot ee exact as a function of time. We try to fit this exact curve with an approximate formula using a guessed value ⌫ guess of the damping rate. We take the approximate formula as
͑11͒
Equation ͑11͒ is suggested as a quantum counterpart of the semiclassical solution, Eq. ͑7͒, on the basis of comparison of the semiclassical and quantum solutions for the case b =0, Eq. ͑5͒ and ͑10͒. With ⌫ guess accurately guessed, Eq. ͑11͒ is expected to closely approximate ee exact ͑t͒, as long as t is not extremely large. At very large times, Eq. ͑11͒ predicts that ee
, whereas the exact solution should yield ee exact ͑t → ϱ ͒ → 0 because of the irreversible "leak" into the lowest energy state ͉g ,0͘ ͑see Fig. 3͒ . A similar type of leak was discussed in an investigation of the collapse and revival in the absence of dissipation ͓17͔.
The best guessed value for ⌫ guess on the basis of the quantum argument given above is ⌫ guess = performed computations for the cases when the field is prepared initially in states other than the coherent state; e.g., in even and odd coherent states, Fock states, and squeezed states, and found that, in all cases, approximate solutions with the decay rate of ⌫ 2 yield better agreements with the exact numerical solutions than those with the decay rate of 3 4 ⌫.
In conclusion we have shown that the Rabi oscillation exhibited by a two-level atom interacting with a monochromatic field damps out with the rate of ⌫ 2 , regardless of the branching ratio b of the spontaneous decay into the ground state, where ⌫ represents the total decay rate of the excited state. This is in contradiction to the semiclassical prediction that the damping rate increases with b from ⌫ 2 at b =0 to 3 4 ⌫ at b = 1. The reason for the constant damping rate lies in the openness of the quantum transition between the two states ͉g , n +1͘ and ͉e , n͘. The oversimplified structure of the transitions employed in the semiclassical theory, as depicted in Fig. 1 , cannot correctly describe this openness which is clearly visible in the full quantum mechanical structure shown in Fig. 3 . The effect of a smaller quantum damping rate compared with the corresponding semiclassical damping rate shows up most clearly in the amplitude of the revived Rabi oscillations.
Finally, we stress that the conclusion stated above and the arguments leading to it are valid in the strong coupling regime in which the atom-field coupling ͉g͉ is sufficiently greater than the spontaneous decay rate ⌫ and the average photon number ͗n͘ is not too small. More specifically, they are valid under the condition that collapses and revivals occur within the spontaneous decay time, so that the cancelling of the strengthening and weakening effects of the "internal pumping" due to spontaneous decay can manifest itself in the oscillatory behavior of the atomic population. If the classical limit is taken by letting ͉g ͉ → 0 and ͗n͘ → ϱ while maintaining ͉g ͉ ͱ͗n͘ constant ͓11͔, the damping rate should approach the semiclassical value ͑ 3⌫ 4 if b =1͒. In the classical limit, the grainess of the photon number is washed out with collapse and revival times pushed out to infinity ͓11͔; in other words, the time required for the atom to pass its "quantumness" to the field is so long that the quantum and semiclassical treatments yield essentially the same damping rate.
